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Abstract 

We study a class of non-stationary processes, say periodically correlated 
locally stationary (PC-LS). Consider So < si < ... to be positive real num- 
bers and Bj = {sj-i,Sj], for j G N. Let X^-'{t) = Y.T=iXf{t)lB,{t), t G M+ 
where X^-^{t) is a mixture of two stationary processes with exponentially 
convex weights. By this, we provide as a multi-component locally 

stationary process. Also we consider {^J } as a sequence of periodically 
correlated random variables. We define an orthogonally scattered random 
measure Mj on subsets of Bj by Xj = Mj{Bj) and set Xj{t) = Mj{sj-i,t] 
for t € Bj with some special correlation. Then X^it) = Yl'jLi Xj{t)lBj{t) is 
a continuous time periodically correlated process which we study its spectral 
representation. Finally we assume that and X^{t) are independent 

and define X(t) = + XP[t) as a certain multi-component PC-LS pro- 

cess which has both periodically correlated and locally stationary properties. 
The covariance structure and the time dependent spectral representation of 
such a process are characterized. 

Keywords: Periodically correlated; Spectral representation; Multi-component 
locally stationary processes; exponentially convex covariance. 

1 Introduction 

Spectral analysis of stochastic processes such as stationary and periodically cor- 
related (PC) processes have a long history with interest in both theory and ap- 
plications. These processes are interesting for engineers due to their applications 
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in signal processing and communication systems, specially in network traffic. The 
spectral theory of these processes is primarily based on spectral representations. 

Properties of stationary processes are well known and have been used in ana- 
lyzing system performance. Recall that a stationary process is one where all finite 
dimensional distributions are invariant to shifts in time. Non-stationary processes 
have extensive applications where random fluctuations change in time or space. If 
a process is slowly varying and if the interval is short enough, then the process can 
be approximated in some sense by a stationary one. Recently a large amount of 
work has been devoted to time series analysis, with the focus placed on locally sta- 
tionary (LS) and PC processes which give the plausible description of real world. 
LS processes in the sense of Silverman [13] can be used to model systems where 
they behave as a function of time. He presented a relation between the covariance 
and the spectral density of LS processes which constitutes a natural generahzation 
of the Wiener-Khintchine relations. 

Berman [2] introduced a class of LS Gaussian processes with index a which 
allows minor fluctuations of dependence at the global scale and at the same time 
keeps the stationary structure at the local time. Dehay [B] presented the notion of 
locally harmonizable process, a large class of non-stationary processes containing 
LS and harmonizable. A new class of LS processes where their spectral struc- 
ture varies smoothly over time is introduced by Dahlhaus [3]. Mallat et al. p!^ 
showed that the covariance operator of a LS process has approximate eigenvectors 
that are local cosine functions. They modeled these processes with pseudo differ- 
ential operators that are time-varying convolutions. Oxley et al. [14j proposed 
another definition of LS processes and presented their properties and relationships 
to the stationary ones. They also showed that the signals that arise in Air Force 
applications typically has noise that can be modeled as a LS process. Exponen- 
tially convex stochastic processes and exponentially convex covariances have been 
studied by Loeve [12], among others. He found the spectral representation of the 
exponentially convex process. 

Another class of non- stationary processes are PC processes which have periodic 
structure. Theses processes are a class of processes which are in general non- 
stationary but exhibit many of the properties of stationary processes. They have 
been used as models of meteorology, radio physics and communications engineering. 
This class was introduced by Gladyshev [10], who studied the structure of the 
covariance function and provided an interesting spectral representation. Hurd, 
Miamee, Makagon cited in Gardner 0, demonstrated various applications of PC 
processes in science and engineering. 

In this paper we are concerned with a certain non-stationary process called, 
multi-component periodically correlated locally stationary (PC-LS) process. By 



2 



choosing = Sq < Si < . . . and Bj = sj], j G N, we partition the positive 

real hne. Let X(t) = X''^{t) + X^(t), t G represents a stochastic process, where 
X^'^it) = Yl'jLiXj^(t)lBj(t) and Xj'^(t) is a muhi-component LS process which is 
an exponentially convex mixture of two stationary processes. X^(-) is a discrete 
time PC process that XP{t) = Yl'jLi^j(t)^Bj(t) in which {Xj(t)} is a sequence 
of PC processes and Xj{t) = Mj{sj-i,t] where Mj for j G N is an orthogonally 
scattered random measure on Borel field of subsets of Bj. Then X(-) is a certain 
multi-component PC-LS process. 

More precisely this paper is organized as follows. In section 2, we study the 
general framework and preliminaries of discrete time periodically correlated, ex- 
ponentially convex function and locally stationary processes. The harmonizable 
representation of stationary and PC processes are given in this section too. In 
section 3 we present the covariance structure and spectral representation of such 
continuous time multi-component PC-LS processes. 

2 Preliminaries 

We review the spectral theory of unitary operators in subsection 2.1. In subsection 
2.2, we study the properties of stationary and periodically correlated processes and 
their spectral representations. We present some definitions of locally stationary and 
exponentially convex processes in subsections 2.3 and 2.4 respectively. 

2.1 Spectral theory of unitary operators 

One of the classical results of operator theory is the spectral theorem. We in- 
troduce the notion of spectral measure and briefly discuss their properties. We 
proceed to define the spectral integral as an operator. At last we represent the 
unitary operator and the time varying spectral representation of a PC process. 

Throughout this subsection we work with a measurable space {Q, J-") consisting 
of a set Q and a cr-algebra J-" of its subsets. For more details about the following 
results one could refer to Hurd and Miamee [TI]. 

Definition 2.1 A function Q defined on T of subsets of Q whose values are or- 
thogonal projections in a Hilbert space T-L is called a spectral measure, if Q{Q) = I , 
the identity operator, and for any sequence Mn of disjoint sets in T we have 
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The following proposition lists several useful properties of spectral measure without 
presenting the proofs. 

Proposition 2.1 If Q is an orthogonally scattered spectral measure on T , where 
(5(0) = 0, we have the following properties for any two sets M, N in F 

(a) Modular: Q{M U N) = Q{M) + Q{N) - Q{M n N), 

(b) Multiplicative: Q{M n N) = Q{M)Q{N). 

Definition 2.2 A unitary operator on a Hilbert space % is a linear operator U 
from T-L onto Ti for which {Ux, Uy) = {x, y) for every x,y E Ti, that is, unitary 
operators are linear and preserve inner products. 

Definition 2.3 The spectral integral J f{X)Q{dX) as an operator A{f) such that 
A : 7i ^ 7i and for any pair x,y E7i 

J f{X)d{Q{X)x,y) = {A{f)x,y). 

Theorem 2.1 For any unitary operator U on a Hilbert space Ti, there exists a 
unique spectral measure Q on the Borel subsets of [0, 27r) such that U = Jq^ e^^Q{dX), 
and for any integer t 

U' = e'^'QidX). 
Jo 

2.2 Spectral representation of PC processes 

We present definitions of stationary and PC processes in this subsection and exhibit 
the harmonizable representation of such processes. For more details see 

Definition 2.4 A random process X{t) taking values in the L2 random variables of 
a probability space {Q, J-", P) and indexed on Z or M is called periodically correlated 
if there exists some T > in Z orM. respectively, such that 

= E[X{t)] = fx{t + T), Rx{t, s) = Rx{t + T,s + T) 

for every t,s in Z or M, Rx{t,s) = E[{X{t) — fj,{t)){X{s) — fi{s))]. The smallest 
such T will be called period of X{t). For discrete time, it is required that T > 1, 
otherwise the process is stationary. For continuous time, also the process requires 
continuity of the correlation function. 
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The notion of a harmonizable process can be motivated from the fact that every 
wide sense stationary process has an integral spectral representation of the form 

/oo 
e'^'dZ{X) (2.1) 
-oo 

where the frequency indexed random process Z{X) has orthogonal or uncorrelated 
increments and the equality is in L2 of the probability space {Q,J^,P). The no- 
tion of harmonizable processes preserves the spectral representation (2.1) but the 
increments of Z{X) need not be orthogonal. 

Proposition 2.2 A second order stochastic sequence Xn is PC with period T if 
and only if for every G Z, there exists a unitary operator and a periodic 
sequence (process) Pn taking values in T-Lx = (closure of the Cx) and Lx = 
sp{Xn, n G Z} for which 

Xn = V^Pn 

where V = J^^ e^'^^'^Q{dX), V'^ = U and Q is the spectral measure defined in 
Definition 2.1, so |TT] 

Xn= [ e'^''/^Q{dX)Pn. 
Jo 

We turn to spectral integral representation for PC sequences by the following 
theorem. 

Theorem 2.2 A second order stochastic sequence X„ is PC with period T if 
and only if there exists a time dependent spectral measure ^{-jn) = ^{-jn + T) 
on the Borel subsets of [0, 2n) that is orthogonally scattered in the sense that 
(^^{A,m),^{B,n)^ = for every m,n Z whenever A n -B = and such that 
for all n & Z 

Xn= r e'^'^adX.n) 
Jo 

where the time dependent spectral measure ^(■,n) is defined through the application 
of the spectral measure to the vector Pn as for any Borel set A, we have C,{A, n) = 
Q{A)Pn, where Pn is introduced in Proposition 2.2. 

2.3 Locally stationary processes 

We present the concept of locally stationary process, which is a generalization of 
stationary random process and is introduced by Silverman (15j . 
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Let X{t) be a random process (in general complex), where the real parameter 
t lying in some index set /, which is a closed interval or the infinite real line M. We 
assume that, for all t G /, the second moment of X{t) exists and the first moment 
of X{t) is zero; the latter assumption involves no loss of generality. Before propos- 
ing the definition of locally stationary on an interval, we introduce the concept of 
partitioning of the parameter space I. 

Definition 2.5 Let I G be an interval (possibly M.). A partition of I is a 
countable collection of subintervals {Bi,B2, ■ ■ .} where Bk G I is an interval and 
k belongs to some countable index set X, such that 

1. n Bfe = for alli^k m X, 

2. Ufcgj Bk = I . 

In the Silverman sense we have the following definition. 

Definition 2.6 The random process X{t), defined for all real t, is locally station- 
ary in the wide sense, or has a locally stationary covariance, if its covariance can 
be written as 

Rx{t,s)=q(^-^y{t-s) 

where Rx{t, s) is the covariance function of X{t) and q{t + s) is the average power 
of the process at the point t + s. The quantity E\\X{t)\'^] is the average instan- 
taneous power of the process X{t). The symmetrization has been chosen because 
it makes Rx{t,s) Hermitian and because of its suggestive meaning as the average 
or centroid of the points t and s. We have chosen the correlation function or sta- 
tionary covariance c(r) to be normalized, by which we mean that c(0) = 1. The 
fact that Rx{t, s) is Hermitian implies that c(r) = c*(— r), the asterisk denotes the 
complex conjugate. 

2.4 Exponentially convex function 

No we give a brief description of exponentially convex process and its spectral 
representation [7], [9]. 

Definition 2.7 The covariance function of a second order zero mean process {Z{t),t G 
M} with finite variance, cov(Z(tj), Z(tj)^ = ipiti + tj), is called exponentially con- 
vex if and only if it is a complex-valued function in C defined on the product space 
M X M that satisfies 

n n 

^ aicTjipiti + tj) ^ 
i=i j=i 
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for all finite sets of complex coefficients ai, . . . , a„ and points ti, . . . , G M. 

Example 2.1 Let {Z{t),t G M} be a stochastic process with the covariance func- 
tion cov(Z(t), Z(s)) = ijj{t + s), 

2 

= (1 + u^)e'^, ueR 

as ip{u) is an exponentially convex function [7] and {Z(t),t G M} is an exponen- 
tially convex process. 

We conclude the following theorem from the result of Berg et al. [1] (Theorem 
5.11, p. 12). The corresponding theorem shows that a continuous function is expo- 
nentially convex if and only if it is the Laplace transform of a non-negative finite 
measure. 

Theorem 2.3 Any continuous positive definite function ip has the representation 

^P[t) = / e^*dyu(A), t G M 
Jr 

for a uniquely determined positive Radon measure (a Borel measure that is finite 
on compact sets) fi. 

By Theorem 2.3 and the Karhunen-Loeve theorem, it follows that for any symmet- 
ric and continuous, in the mean square, process Z{-) there exists a second order 
stochastic process F with orthogonal increments and spectral measure fi such that 

Z{t) = I e^*rfF(A), t G M 
Jr 

3 Main results: A continuous time PC-LS model 

We introduce a new class of certain non-stationary process which we call multi- 
component periodically correlated locally stationary (PC-LS) process and is a com- 
bination of two locally stationary and periodically correlated processes as 

X{t) =X^'{t)+XP{t), t>0 (3.1) 

where X'*(-) is a multi-component LS process and X^{-) is a sequence of PC 
process that are independent. We partition the positive real line index space of 
the process, by disjoint intervals Bj = {sj_i,Sj] where Sq = and \Bj\ = |-Bj+r| 
for all j = I,-- - ,T and T G N. 
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3.1 Continuous PC process 

We define Mj as an orthogonally scattered random measure on Borel field of subsets 
of Bj, by := Mj{sj_i,t\ for t G Bj and := Mj{Bj), j G N where 

{X^{t)} is a positive second order discrete time PC process with period T of 

centered random variables. For t e -B,, {Xf(t)} = {Xlj,^^{kS + t)}, i = 1, . . . ,T 

and /c = 0, 1, 2, . . ., in which S — ^^=1 Wi\ ^^'^ ^ means equality of the finite 
dimensional distributions. Thus 

oo 

X^{t) = Y,X^^{t)lB,{tl t>0 (3.2) 
i=i 

is a continuous time PC process. By the following projection, we provide a linear 
approximation of the process say the traffic flow in the subintervals of each parti- 
tion. 

Let A C Bj, L\ = sp{Mj{D), D G A} and Vi : L^^, L\ for j e N be 
an orthogonal projection which is defined by 

= M,{A). (3.3) 

with the following property 

KK = Kns (3.4) 

Our idea is to provide a proper bilateral correlation of such variables. So we 
consider covariance function of random measure Mj on subintervals Ai,A2,B C Bj 
where 1^41 1 = 1^421, to satisfy 

corr(^Mj(A), Mj(B)^ = corr (^M,(A2), Mj(^))- 

Thus if Mj is the fiow of traffic, then on each subinterval of Bj with fixed length, it 
has the same multivariate distribution with other random measures as the one of 
any other subintervals of Bj with the same length. Thus for A C Bj and B C Bj 
we define the covariance function of Mj as 

where {X,Y) = cov(X, F) = E[XY], = E[XjXl] and \Bj\ = aj, j,k G N. 
The correlation function of this measure is 
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As for positive a;, f{x) = x+l/x ^ 2 and equality holds for a; = 1, so the correlation 
function is equal to one when = \B\. Also the correlation function decreases 
when the amounts of \A\ and \B\ differ and increases when they approach to each 
other. 

For A C Bj and B d B^, j ^ k 

{M,{AlM,{B))J-^^%. 

ajak 

UB = Bk then ^ = 1, so for j k {Mj{A), Mk{Bk)) = ^-^'y^,^. One can easily 
verify that, this inner product is well defined. 

In this case ior t,u & Bj and t we have 

2a* a** 

(M,(.,_i,i],M, z.]) = ^ 7^- (3.6) 

and for t e Bj, u & B^ 

{Mj{sj.i,t],Mk{sk-i,u]) = ^7|, 

ajttk 

where Oj = t — aj = \Bj\ and j e N. 
3.2 Multi-component LS process 

Let {Yj'{t),t G -Bj U be a countable class of independent zero mean 
stationary processes. In addition we assume that for all j G N, Yj{sj_i) = 0, 
Bj = {sj_i,Sj] and Y^^{t) = Nj{sj_i,t] for t G Bj, where Nj{A) is a random 
measure, say cumulative traffic on A C Bj. We also consider X^^{t) as 

Xj^(t) = W-\t)Yf_^{t) + W{t)Yf{t) (3.7) 
for t e Bj, j ^2,--- ,T and X{'(t) = C/^(i)yi^(i) for i G Bi. Also yo'(^) = and 
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U^{t) is a random weight with exponentially convex covariance which is indepen- 
dent to the processes yf(t). We call Xj'*(t), a multi-component locally stationary 
process motivated from its covariance function which is obtained by (3.10). Rela- 
tion (3.8) is an exponentially convex mixture of two stationary processes. Let 

oo 

X'^(t) = 5^Xf(t)/B,(t), t>0. (3.8) 

i=i 

where Xj^{-) is defined by (13. 7p . We show in Theorem 3.1 that Xj^(-) is a zero 
mean multi-component LS process indexed by subsets of subintervals of Bj. Thus 
X'^(t) is a simple multi-component LS process. 



3.3 Covariance function of PC-LS process 

By the following theorem, we find the covariance structure of the introduced model 
in this section. 

Theorem 3.1 Let {Bj}'jLi be a partition of positive real line defined in subsec- 
tion 3.2. The covariance function of the multi- component PC-LS process X{t) = 
X''^{t) + XP{t), where X^^{t) and XP{t) are independent and defined by fij'.gp and 
l\3.3i} respectively, is 'j(t,u) = cov(X(t), X('u)) = -^^^{t^u) +'jP(t,u) where 

oo m+1 

V^(t,«) = COv(X'^(t),X'^(«)) = ^ J2 ltn{t.u)lB^{t)lBM (3.9) 

m=l n—m—l 

where fort G Bi, u G Bj andi ^ j withk = mm{i,j}, 'ylj(t,u) = ipk{t+u)'^k{t—u) 
and for t,u E Bi, 'yl^(t,u) = ipiit + u)'yi(t — u) + ipi-iit + 'u)7j_i(t — m), in which 
E[U"'(t)U"'{u)] = ^mit + u), E[Y^(t)Y^{u)] = -imit - u). Also by ^ we have 
that for t G Bm and u E Bn'- 

arr.{ai,+a^)^^m m-U 

(3.10) 

tn whtchY^^ = E[XP^XP]. 

Proof: According to (13. 7p and the fact that U^{-) and Yf'^-), j G N are independent 
processes, for t,u E Bm and t ^ u, we have 

7t,mit,u) = E[Xl^it)X'^{u)] = iJm^iit + M)7m-l(t - u) + Z^„(t + M)7„(t - u) 
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For t e Bjn and u G -Bm+i 

l':,,rn-,lit,u)=E[Xl^it)Xl:^^,iu)]=^PUt + uhUt-u)^ 

For t G i?m and m G -Bm-i 

7^,^_i(t, = E[X^(t)X^_i(M)] = ^™„i(t + M)7„.-i(t - u) 

and for the other cases the process is uncorrelated. This covariance function con- 
firms that, Xj^{-) is multi-component LS process in the Silverman sense. Therefore 

= E[X^'{t)X^'{u)] is 

oo oo 

m=l m=l 

oo oo oo m+1 

m=l n=l m=l n=m— 1 

By (3.2) the covariance function of Xp(-) for t G B^^u G is 7^(t, m) = 
(t)XP(u)] and by ([M]) we have the result. 



3.4 Spectral representation 

By the integral representation of stationary and exponentially convex processes as 
mentioned in preliminaries section, the spectral representation of the process X^'^{t) 
is provided. Using the orthogonal projection P;^ defined by (13.31) and the spectral 
representation of discrete time PC process {Xj}°^^, spectral representation of the 
continuous time PC process X^{t) is obtained. Finally the harmonizable repre- 
sentation of the multi-component PC-LS process X(-) and its spectral measure is 
characterized. 

Lemma 3.1 Let he a sequence of PC process with period T , that by propo- 

sition 2.2 has the spectral representation Xj = J^"" e^^^^^^{dX,j) where ^{dX,j) = 
Q{dX)Pj and Pj is a periodic sequence with period T . Then Mj (sj_i, t] = ^ t]-^j> 
t G Bj can be represented as Xj(t) = M, (sj_i, t] = J^"^ e^^^^^(midX,t) where 
Cj{dX, t) = Q{dX)Pj^t md Pj^t is the periodic sequence corresponding to Mj{sj_i, t] = 
V^Pj^t, where Pj^sj = Pj- Also 

f2a* a" 
—r^T-nxdjAdX) j = k 



■9,^k{dX) J ^ k 
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and if X ^ (jj, Qj k{dX,dijj,t,u) = where 9j^k{dX) = (^(rfA, j), ^(dA, A;)) where 
a'^j = t — Sj-i for t G Bj, aj = \Bj\. 

Proof: By using the result of Proposition 2.2 and the assumptions of model we can 
construct a new representation for the random measure Mj as Mj(sj_i, t] = V^Pj^t 
where is an operator and Pj^t is a periodic function in j with period T for fixed 
t e Bj. Also by (ESD 

and by the representation of Xj we have 

X^{t)= e-^I^Q{dX)Vl, ^.P,= e-^/^UAt) 
Jo ^ ' Jo 

where Cj{dX, t) = Q{dX)Pj^t such that Pj^sj = Pj is a time varying spectral measure. 

Using the covariance structure of random measures Mj, j G N we find the 
covariance function of (j{dX,t). By the above representation 

(M,(s,-_i,t],M,(sfc_i,M]> = ( / e'''^/''Qidu,t), / e'^'/'^CkidX,u)) 

Jo Jo 

= / e' T Qj,^[dX,duj,t,u)) 

Jo Jo 

where Qrn,n(ydX,dijj,t,u) = (^(m{dX,t),(n{dijj,u)y On the other hand as Mj is 
orthogonally scattered on subsets of Bj, by f l3.5p and fl3.6p we have 

{Mj{s,.„t],M,{s,.„u])= / e,,{dX) 

and in the same way 

{M,is,.i,t],Mkisk-i,u]) = ^ r e'^'^e.^kidX). 

ajCLk Jo 

So we arrive at the last assertion of the theorem. 

For finding the spectral representation of X{t), we find the spectral represen- 
tation of Xj'^it) in the following lemma too. 
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Lemma 3.2 Spectral representation of the process Xj'^lt) = ^{t)Yj'_^{t)+U^ {t)Yj^{t) , 
j G N defined by ( [XTD is 



/oo 
e'^'^j{d\,t), teBj (3.11) 
-oo 



where $j(c?A,t) = </)j_i((iA, t) + (t>j{dX,t) in which (f)j{d\,t) = {t)rjj{d\) that rjj 
is the orthogonally scattered random measure in the harmonizable representation 
of the stationary process ^^(O- ^^so 

Fj^k{d\,du,t,u) = (^^j{dX,t),^k(ydijj,u)') 

ifjj-iit + u)Gj-i{dX) + tpjit + u)Gj{dX) j = k,X = uj 

ipj{t + u)Gj{dX) j = k — l,X = uj 

ipj-i{t + u)Gj_i{dX) j = k + l,X = uj 

\j-k\>l,X^co 

where tpj{t + u) = {W{t), W{u)) and Gj{dX) = E\r]j{dX)\'^ . 



Proof: By the result of (12. ip and the definition of the process, we have 

/oo roo 
e'^'dr],^i{X) + W{t) / e'^'dr]j{X). 
oo J —CO 

So Xj^(-) is a mixture of two processes with exponentially convex weights. Also 

/oo /»00 /"OO 

e'^'(l),^iidX, t)+ e'^V,(rfA, t)= e'^' [0,-i(rfA, t) + 0,(c/A, t)] 



oo 



where (l)j{dX,t) = {t)rij{dX), thus we have the result. The correlation of the 
spectral measure ^j{dX, ■) is defined as 



E 



Fj^kidX,duj,t,u) = E[^j{dX,t)^k{dco,u)] 
{W-\t)r],^,{dX) + U\t)r],{dX)) {U^-\u)r^k^i{duj) + U\u)r,u{duj)) 



where U^{t) has the representation of Theorem 2.3. Finally by (13. 7p . independence 
of the processes {U^{-)}, {Yj{-)} and assumptions of lemma, one can easily obtain 
Fj^k{dX,du,t,u) as expressed in the lemma. 
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Theorem 3.2 The spectral representation of the multi- component PC-LS process 
X{t) = X^'{t) + XP{t), where X'f{t) and X^'{t) are defined by ([23) and 1^ is 

/oo 
e'^'ZUdX,t), teB^ (3.12) 
-oo 

where the time varying spectral measure Z„i{-,t) is defined as 

ZUdX,t) = <l>m{d\t) + e'^^^/^-'^Iio,2.){dX)Ud\t) (3.13) 
in which $m((iA,t) is characterized by i\3.11\i . Also 

{Zm{d\, t), Zn{du, U)) = Fm,ri{dX, du, t, u) + KQrn,n{d\, du , t, u) 

where Fm,n{dX,du,t,u) and Qrn,n{dX,duj,t,u) are as in Lemma 3.2 and Lemma 
3.1 respectively, and K = e^'^/^(^+^)-*(^*+'^")/[o,2^)(t^A)/[o,27r)(t^c^)- 

Proof: By Lemma 3.2 



oo 



J — oo 

where $m(o?A,t) has orthogonaUy scattered property for m G N. 
For finding the spectral representation of X^(t), t G M we have 

oo oo 

x^{t) = Y^xmiB^it) = 5^M„(s„.i,t]/B^(t) 

m=l m=l 

where Mm is the random measure corresponding to partition Bm- By the resuh of 
Lemmas 3.2, 3.1 and relation ( 13. 2 p we have 

Xit) = E / ^'''^rnidX,t) + / e''"^/^Cm{dX,t) iBjt) 

V / e^'*$„(rfA,t) + / e'^'e'^^"'/^-'\midX,t) Isji) 

. \J-oo Jo / 



m=l 

"OO 



^ poo 

= E / {^m{dX,t) + e^^("^/^-*)/[o,2.)(^^A)C™(rfA,t)) iBjt). 

Thus the aggregated process has a time varying spectral representation by fl3.12p . 
Also by Lemmas 3.1 and 3.2, the last assertion of the theorem as the covariance 
function of the random measure is obtained. 
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